Abstract. Let D be an integral domain with quotient field K,D the integral closure of D, X an indeterminate over D, and
(1) D * = D and (aI) * = aI * , (2) I ⊆ I * , and if I ⊆ J, then I * ⊆ J * , and (3) (I * ) * = I * .
Given two fractional ideals I, J ∈ F(D), we have (IJ) * = (I * J) * = (I * J * )
* . An I ∈ F(D) is called a * -ideal if I * = I. A * -ideal I ∈ F(D) is of finite type if I = (a 1 , . . . , a n ) * for some (0) 6 = (a 1 , . . . , a n ) ⊆ I. An I ∈ F(D) is said to be * -invertible if (II −1 ) * = D. Let * -Max(D) denote the set of * -ideals of D maximal among proper integral * -ideals of D. A * -operation is said to be of finite character if I * = ∪J * , where J ranges over all nonzero finitely generated subideals of I. It is easily verified that if * is a finite character * -operation on D, then * -Max(D) 6 = ∅ and every nonzero integral ideal is contained in a maximal * -ideal when D is not a field. The most famous * -operations are the so-called v-operation and t-operation. The v-operation is defined by I v = (I −1 ) −1 , where I −1 = (D : I) = {x ∈ K|xI ⊆ D}, whereas the t-operation is I t = ∪{J v |(0) 6 = J ⊆ I is a finitely generated deal}. The w-operation is a mapping I 7 → I w = {x ∈ K|Jx ⊆ I for some J ∈ GV (D)}, where GV (D) is the set of finitely generated ideals J of D with J −1 = D. Clearly I w ⊆ I t ⊆ I v (and hence v-ideals are t-ideals and t-ideals are w-ideals). 
w-integrality
Let D ⊆ R be an extension of integral domains. Then R is said to be t-linked over D if, for each finitely generated ideal I of D,
We begin this section with some characterizations of "t-linkedness", which are essential in the subsequent arguments. Proposition 1.1. Let D ⊆ R be an extension of integral domains.
(1) The following statements are equivalent.
(a) R is t-linked over D.
, where X is an indeterminate over R. (2) (⇒) Recall that R is t-linked over D if and only if R = ∩R D\P , where P ranges over the prime t-ideals of D [14, Proposition 2.13]. Thus {R D\P |P is a prime t-ideal of D} is a desired family of overrings of R.
(⇐) Suppose that R is defined by a family of overrings {R α } such that each R α contains D P for some P ∈ t-Max(D). Let A be a nonzero finitely generated ideal of D with A −1 = D. Then A * P , and hence AD P = D P for all P ∈ t-Max(D). So D P = AD P ⊆ AR α for some P ∈ t-Max(D). But this forces 1 ∈ AR α ensuring AR α = R α . Now, let * be the star operation on R induced by {R α } [17, Theorem 32.5]. Then for A with the above description, we have R = (AR) * ⊆ (AR) v ⊆ R. Hence (AR) v = R, and thus (AR)
, and R an overring of D. Note that R is t-linked over D if and only if R = R[X] Nv ∩ K (Proposition 1.1(1)); so it suffices to show that ( Proof
The properties of (INC) and (GU) also follow directly from [22, Theorem 44], Lemma 1.2, and the fact that 
Proof. This follows directly from the following fact: Let S be an integral domain, and let {X β } be a nonempty set of indeterminates over S. Let Q be a maximal
The following result is another nice property of w-integrality.
, and
by Proposition 1.1(1) and Lemma 1.6.
w , and thus
We end this section by using the D + M construction to construct an integral domain R such that R (R ( R w (R ( R * .
Example 1.8. Let D be an integral domain with quotient field K such thatD is not t-linked over D (see [13, Example 4.1] for such an integral domain), and let K ( F be an algebraic field extension. Let V be a 2-dimensional valuation domain of the form F (t) + M, where t is an indeterminate over
Then for each positive integer n, there is an x n ∈ V such that b = a n x n . Since a n 6 ∈ √ bV and √ bV is a prime ideal of V , we have that x n ∈ √ bV ⊆ M ⊆ R. Hence 1 a is almost integral over R, and
the w-integral closure of umt-domains
Let D ⊆ R be an extension of integral domains. Then D is said to be tlinked under R if whenever 0 6 = a 1 , . . . , a n ∈ D with ((a 1 , . . . , a n )R) v = R, then ((a 1 , . . . , a n )D) v = D. The concept of "t-linked under" was introduced by Anderson and Zafrullah [5] 1(1) ), and note that "t-linked under" sounds like the converse of the notion of "t-linked over". So it is natural to ask if D t-linked under R is equivalent to the following condition;
However, there is no relationship between "t-linked under" and the property (#). For example, let P = 2Z, and let R = Z P . Then the pair Z, R satisfies (#), but Z is not t-linked under R (note that (3ZR) t = R and (3Z) t ( Z). Let D be a two-dimensional local Noetherian domain with maximal ideal P such that P t = P andD has a height-one prime ideal lying over P . Then D is t-linked underD, but the pair D,D does not satisfy (#). However, as we shall see in the sequel, the property (#) does play an important role. We next give an explicit example (for more details of this example, see [6, Proof.
(1) Let P be a prime t-ideal of D. Then P is a prime w-ideal of D, and hence there is a prime ideal Q of R such that Q ∩ D = P (cf. Corollary 1.4(3)); so Q t ( R by assumption. Hence (P R) t ⊆ Q t ( R, and thus D is t-linked under R.
(2) Assume that D is t-linked under R, and let Q be a nonzero prime ideal of R such that (Q ∩ D) t ( D. If Q t = R, then there are some 0 6 = x 1 , . . . , x k ∈ Q such that ((x 1 , . . . , x k )R) v = R. Also, since D ⊆ R is a root extension, there is a positive integer n such that x 
Proof. Let 0 6 = a ∈ K and let I, J be nonzero fractional ideals of R. First, note
= aI wD ; so I wD is a nonzero fractional ideal of R and (aI) wD = aI wD . It is clear that I ⊆ I wD ; if I ⊆ J, then I wD ⊆ J wD ; and (I wD ) wD = I wD . Hence w D is a * -operation on R. Next, to show that w D is of finite character, let {J α } be the set of nonzero finitely generated subideals of I. Then I = ∪ α J α and
Thus the w D -operation is a finite character * -operation on R. ¤ Let R be a t-linked overring of D, and let I be a nonzero fractional ideal of R.
Lemma 2.4. The following statements are equivalent for an integral domain D. (1) and Q is a maximal t-ideal. Thus
(2) ⇒ (3) For easy reference, we first recall that for any integral domain R,
, and let Q = A∩D w . Then there is a maximal t-ideal
, and thus A = Q[X] Nv(D) [22, Theorem 44] . This implies that Max( (2) . Therefore,
3), and hence every maximal 
Let * be a * -operation on D. We say that D is a * -multiplication domain if every nonzero finitely generated ideal I of D is * -invertible, i.e., (II (
, and thus (1) The Mori-Nagata theorem states that the (complete) integral closure of a Noetherian domain is a Krull domain [26, Theorem 33.10] . We next show that this holds for SM-domains.
Proof. Let R be a t-linked overring of D. Then R is an SM-domain with t-dim(R) = 1 ([24, Lemma 2] or Corollary 3.2) since t-dim(D) = 1. So we need only show that Cl(D) is torsion [3, Theorem 3.4] . We shall complete the proof by showing that if I is a t-invertible integral t-ideal of R, then there is a positive integer n = n(I) such that (I n ) t is principal. Let X 1 (D) and X 1 (R) be the sets of height-one prime ideals of D and R, respectively. Let Λ = {P ∈ X 1 (D)|P = Q ∩ D for some Q ∈ X 1 (R) with I ⊆ Q} and
Since R is an SM-domain with t-dim(R) = 1, the number of height-one prime ideals of R containing I is finite. Hence Λ, and thus Λ 1 , is finite. So if we set S = R \ (∪ Q∈Λ 1 Q), then R S is a semilocal Noetherian domain with dim(R S ) = 1 (cf. [17, Proposition 4.8] ). Note that since I is t-invertible, IR S is invertible, and so IR S = xR S for some x ∈ R [17, Proposition 7.4]. Hence
, where a, b ∈ D are products of primary elements of D. Since a b ∈ R S , we may assume that a, b 6 ∈ P for all P ∈ X 1 (D) \ Λ (and hence a, b 6 ∈ Q for all Q ∈ X 1 (R) \ Λ 1 ). Also, since (I n ) t R S = ((I n ) t R S ) t = (I n R S ) t ([10, Lemma 2.5] and [21, Lemma 3.4]), we have (
The proof of Theorem 3.3 gives another proof of [24, Theorem] . Corollary 3.5. Let D be a weakly (resp., an almost weakly) factorial SM-domain. Then each integrally closed t-linked overring of D is a factorial (resp., an almost factorial) domain. In particular, D * is a factorial (resp., an almost factorial) domain.
Proof. Let R be an integrally closed t-linked overring of D. Then R is an integrally closed SM-domain (Corollary 3.2), and hence R is a Krull domain (Theorem 3.1). Note that R is a WFD by Corollary 3.4 (resp., AWFD by Theorem 3.3); so Cl(R) = 0 [4, Theorem] (resp., Cl(R) is torsion [3, Theorem 3.4] ). Thus R is factorial (resp., almost factorial). (1) D is a weakly (resp., an almost weakly) factorial domain.
(2) Each overring of D is a weakly (resp., an almost weakly) factorial domain. 
